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We report a general theory of the two-photon excited fluorescence (TPEF) of rotating molecules under the
condition of anisotropic depolarisation. The obtained expressions for the TPEF intensity are based upon the
spherical tensor approach and valid for any symmetric, or asymmetric top molecule and for any photon
polarisation. The expressions are written in terms of the molecular parameters MK(R, R

0, t) which have clear
tensor notation and contain all molecular information that can be extracted from the TPEF experiments. Two
important extreme cases are discussed. If the molecular rotation period is much larger than the excited state
lifetime, the obtained expressions describe the TPEF in non-rotating molecules under the condition of isotropic
relaxation. The time-independent part of these expressions is in agreement with the earlier results of McClain
[J. Chem. Phys., 58, 324 (1973)]. The relationship between McClain’s molecular parameters Q̂i and the
parameters MK(R,R

0, 0) is presented and analysed. If the molecular rotation period is much smaller than the
excited state lifetime, the expressions describe anisotropy of fluorescence from isolated ro-vibrational molecular
states. As shown, under certain approximations the expression still can be written in terms of the M-parameters
which are reduced due to molecular rotation by about a factor of (2Kþ 1). This result manifests that the
fluorescence anisotropy is reduced, but not lost due to the molecular rotation.
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1. Introduction

Multi-photon excitation in molecules followed by
analysis of the intensity and anisotropy of the
produced fluorescence has now become a powerful
tool for probing complex molecular structure and
dynamics [1,2]. Recent advantages in the development
of the femtosecond lasers have stimulated increasing
interest to this research area, because they extend the
potential of the multi-photon methods to investigate
complex biologically-relevant molecules and provide
the possibility of studying the molecular dynamics in
the real time-domain [3,4].

The theoretical background for the two-photon
excited fluorescence (TPEF) has been established by
McClain [5,6], Callis [7], and Wan and Johnson [8,9]
who discussed the properties of the two-photon
absorption tensor in an ensemble of randomly oriented
molecules. McClain [5,6] pointed out that linear
combinations of the elements of the two-photon
absorption tensor and the elements of the fluorescent
tensor can be probed experimentally. He introduced
two sets of parameters: the experimentally-controlled

polarisation parameters P̂i which depend on the

polarisation of all three photons involved and the

molecular parameters Q̂i which contain all molecular

information that can be extracted from experiment.

Using the spherical tensor formalism Wan and

Johnson [8,9] considered the dynamical case involving

isotropic rotational diffusion of the fluorophores.
The theory of the TPEF can be often divided into

two processes: (i) two-photon excitation (TPE) of a

molecular sample resulting in the molecular excited

state polarisation and (ii) time-dependent evolution of

the polarised excited state. TPEF can be described by

three isotropic molecular parameters which refer to the

population of the molecular excited state and by a

number of anisotropic parameters which refer to the

polarisation of the molecular excited state. The

isotropic parameters do not contribute to the fluores-

cence polarisation and can be determined by measuring

the total TPE intensity with linearly and circularly

polarised excitation light [10]. The anisotropic para-

meters can be determined by measuring the fluores-

cence anisotropy. These parameters are sensitive to the
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excited state depolarisation and therefore contain
information about the intermolecular interactions
with the environment [6–8].

Most of the theoretical and experimental studies in
the field have been done in the condensed molecular
phase (solution, polymers, membranes, etc.), see
[7,8,11–16] and references therein, however a number
of studies have been carried out in the gas phase
[17–25]. The gas phase/molecular beam studies are of
fundamental importance for understanding the TPEF
dynamics of polyatomic molecules in the collision-free
regime because they can be supported by high accuracy
quantum mechanical ab initio calculations which in
most cases are not available for the condensed matter
studies.

Most of the theoretical studies on the multiphoton
processes in rotating molecules in the gas phase which
have been done until now were focused on the TPE of
a molecule into a single ro-vibrational excited state
[18,20,21]. The expressions for the intensities of TPEF
from a single ro-vibrational state of a symmetric top
molecule have been derived by Chen and Yeung [22],
who however did not analyse the fluorescence polar-
isation values.

In this paper we report a general and compact
theory of TPEF in the molecules excited by a short
laser pulse under the condition of isotropic collision-
induced depolarisation. The theory can be used in the
gas and in the condensed phase. The obtained
expressions are written in the spherical tensor form,
they are valid for any symmetric, or asymmetric top
molecule, any experimental geometry, and for any
relation between the molecular rotation period and the
excited state lifetime. The light polarisation-dependent
part of the TPEF intensity is expressed as a tensor
product of three photon polarisation matrices and
allows one to take into consideration any type of the
photon polarisation, including elliptical and partial
polarisations.

Two important extreme cases of the obtained
expression are discussed. If the molecules do not
rotate by themselves in the excited state which may be
a result of the interaction with the surrounding
condensed phase molecules, or a result of the small
excited state lifetime, summation over the rotation
quantum numbers including all coherent terms can be
performed. This summation leads to the expressions
for the TPEF which are similar to the expressions
for the non-rotating molecules reported elsewhere
[6,8,13,26], however can describe arbitrary polarisation
of each of the three photons involved in the photo-
process. These expressions can be used either for the
description of TPEF in the liquid phase environment
under the condition of rotational diffusion, or in the

gas phase under the condition of collision relaxation.

The fluorescence intensity expression is written in
terms of the MKe

(R,R0, t)-parameters which contain all
information about TPE and following depolarisation

dynamics. Three parameters with the rank Ke¼ 0
describe an isotropic part of the two-photon absorp-
tion tensor and the parameters with the ranks Ke¼ 1

and 2 describe the anisotropic part of the tensor and
the fluorescence light polarisation. The relationship
between the known McClain [5] molecular parameters

Q̂i and the parameters MKe
(R,R0, 0) is tabulated and

analysed.
If the molecules perform many periods of rotation

during the excited state lifetime, the TPEF expression

describes fluorescence from isolated ro-vibrational
molecular states which is most appropriate for descrip-
tion of the gas phase environment, or liquid phase with

very low viscosity. As shown in the paper, under
certain approximations the expression can still be
written in terms of the M-parameters. In the high-J

approximation the zeroth rank parameters M0(R,R
0, t)

remain the same as in the first extreme case, while the
high-rank parameters are reduced by a factor of

(2Keþ 1). The obtained result shows that in this case
the fluorescence anisotropy is reduced due to the
molecular rotation, however it is not lost prior to

emission as may be assumed from the first glance [15].
The physical reason for this effect is discussed in our
paper.

The paper is organised as follows. Section 2
contains the derivation of the general expressions for

the TREF intensity in an asymmetric top molecule in
the spherical tensor formalism. In Section 3 these
general expressions are simplified and analysed for the

extreme case of the fluorescence in a non-rotating
molecules, when the rotation period is much larger
than the excited state lifetime. In Section 4 these

expressions are simplified and analysed for the extreme
case of fast-rotating molecules, when the rotation
period is much smaller than the excited state lifetime.

The discussion of the obtained results is given in
Section 5.

2. Formalism

2.1. Basic expressions

We consider the general case of TPEF in an asymmet-
ric top molecule which is excited from the ground state

jgi via the two-colour, two-photon transition to the
resonant state jei and then undergoes the internal/
relaxation conversion to the state j ~ei and the sponta-

neous decay to the final state j f i emitting the
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fluorescence light as shown in Figure 1. The fluores-

cence intensity is given by the expression [27]:

I ¼ Cfl

X
f, ~e, ~e0

h f jðd̂ � efÞj ~e
0ih f jðd̂ � efÞj ~ei

�� ~e0 ~e, ð1Þ

where ef is the fluorescence polarisation vector, d̂ is the

dipole moment operator, and � ~e0 ~e is the density matrix

of the state j ~ei.
The summation indices ~e, ~e0 and f in Equation (1)

are the sets of quantum numbers describing electronic,

vibrational, and rotational degrees of freedom of the

excited and the final states of the molecule. If the

fluorescence occurs directly from the resonant state jei,

the indices ~e, ~e0 in Equation (1) should be replaced by

e, e0, see Figure 1.
Assuming the validity of the relationship

�ex� �ic� �r, where �ex is the duration of the excita-

tion laser pulse, �ic is the internal conversion and

vibration relaxation time, and �r is the rotation

relaxation time, the equation of motion for the excited

state density matrices �e0e, � ~e0 ~e [27,28] can be written in

the form of three expressions each valid for a certain

time interval:

d�e0e
dt
¼ �ðtÞFe0e for t � �ex, ð2Þ

d� ~e0 ~e

dt
¼

d� ~e0 ~e

dt

� �
ic

for �ic�t4 �ex, ð3Þ

d� ~e0 ~e

dt
¼�iD! ~e0 ~e� ~e0 ~e�

1

T
� ~e0 ~e�

d� ~e0 ~e

dt

� �
relax

for �r�t4�ic,

ð4Þ

where the �-function �(t) in Equation (2) represents the
short laser pulse at time t¼ 0.

The term on the right-hand side in Equation (3)
describes the internal conversion and vibration relax-
ation from the resonant state jei to the relaxed state j ~ei.

The first term on the right-hand part in Equation (4)
describes the rotational evolution of the electronic state
j ~ei, where D! ~e0 ~e is the energy splitting between different
rotation states j ~ei and j ~e0i. The second term term in
Equation (4) describes the spontaneous decay due to
radiation transitions to the ground state j f i. The last
term in Equation (4) describes the rotation relaxation
which in the Markov approximation [27] can be
presented in the form:

d� ~e0 ~e

dt

� �
relax

¼
X
~e00, ~e000

G ~e00, ~e000

~e0, ~e � ~e00 ~e000 , ð5Þ

where G ~e00, ~e000

~e0, ~e is the rotation relaxation matrix. This
term is responsible for the rotational diffusion under
the condition of the high viscosity environment, or for
the collision relaxation under the condition of the gas
phase environment.

The term Fe0e in Equation (2) is the excitation
matrix which is given by the second order perturbation
theory expression [28,29]:

Fe0e ¼ F0

X
gg0ii0

he0jðd̂ � e2Þji
0ihi0jðd̂ � e1Þj g

0i

Ei0 � Eg0 � �h!1

"

þ
he0jðd̂ � e1Þji

0ihi0jðd̂ � e2Þj g
0i

Ei0 � Eg0 � �h!2

#

�
hejðd̂ � e2Þjiihijðd̂ � e1Þj gi

Ei � Eg � �h!1

"

þ
hejðd̂ � e1Þjiihijðd̂ � e2Þj gi

Ei � Eg � �h!2

#�
�g0g, ð6Þ

where ej with j¼ 1, 2 are the polarisation vectors of
the first and the second absorbed photons in
Figure 1, !j are the corresponding photon frequen-
cies, and �g0g is the density matrix of the ground
molecular state.

The summation indices g, g0 and i, i0 in Equation (6)
are the sets of all quantum numbers describing the
ground jgi and intermediate (virtual) jii states, respec-
tively. We neglect the imaginary parts (iGi) in the
denominators in Equation (6) assuming that all
jgi! jii transitions are non-resonant [28]. Therefore,
all denominators in Equation (6) are real.

Under condition of validity of the Born–
Oppenheimer approximation, the total ground state
wave function can be written as a product of the

〉

〉

〉

〉

〉

Figure 1. (Color online) Schematic diagram of the TPEF.
The first step (two thin solid arrows) is a two-photon
excitation of the molecule from the ground jgi state to the
resonant state jei via the non-resonant intermediate (virtual)
states jii. The second step (a thick solid arrow marked ic), is
the radiationless internal conversion jei ! j ~ei. The third step
(a wavy arrow) is a one-photon fluorescence transition from
the relaxed state j ~ei to the final state j f i.
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electronic jngi, vibration jvgi, and rotation jJgMg�gi
wave functions:

j gi ¼ jngi jvgi jJgMg�gi, ð7Þ

where Jg is a total angular momentum, Mg is the
projection of Jg onto the laboratory axes, and vg is a set
of all vibration quantum numbers.

The value �g in Equation (7) is a rotation quantum
number [30]. In general, there are (2Jgþ 1) states
labelled each by a certain �g-value for a given angular
momentum Jg. For a symmetric top molecule the
quantum number �g in Equation (7) is replaced by Og,
the projection of the total angular momentum Jg onto
the molecular z-axis, while for an asymmetric top
molecule the quantum number �g is related to the
frequently used spectroscopic quantum numbers K1

and K�1: �g¼K1�K�1 [30]. Further we will assume for
simplicity that the electronic and vibrational wave
functions in Equation (7) do not depend on the angular
momentum Jg. Similar expressions stand for the wave
functions of the intermediate jii, excited jei, j ~e, and
final j f i states.

The rotation wave function of an asymmetric top
molecule can always be expanded over the eigenfunc-
tions of the symmetric top molecule [20,28,31]:

jJM�i ¼
X
O

AJ
�O jJMOi, ð8Þ

where jJMOi are the normalised Wigner
D-functions [32]

jJMOi ¼
2Jþ 1

8p2

� �1=2

DJ�

MOð�, �, �Þ ð9Þ

and AJ
�O are expansion coefficients. The Eulerian

angles (�, �, �) in Equation (9) specify the molecular
body frame xys.

The expansion coefficients AJ
�O in Equation (8)

obey the orthogonality relation:X
�

AJ
�O0A

J�

�O ¼ �O,O0 : ð10Þ

2.2. General expression for the TPEF intensity

The expression for the TPEF intensity in an asymmet-
ric top molecule can be obtained by combining
Equations (1), (2), (4), and (6). This expression
contains the molecular rotation wave functions and
can be used for description of TPEF in either rotating,
or non-rotating molecules. The coefficients AJ

�O in
Equation (8) depend on the ratios of three principal
momenta of inertia and can be readily calculated for

any molecule. However, under certain approximations

transformation and calculation of the TREF inten-

sity for an arbitrary molecule can be performed in

general, irrespectively of the details of the molecular

structure.
In particular, for an off-resonant two-photon

transition contribution from the molecular rotation

to the energy differences in the denominators in

Equation (6) is much smaller than the contribution

from all other terms. Therefore, the denominators

practically do not depend on the rotational quantum

numbers Ji, �i, Mi, Ji
0, �i

0, Mi
0, which allows for

performing the summation over all these quantum

numbers in the transition dipole moment matrix

elements in the numerators in Equation (6) without

noticeable loss of accuracy. This summation can be

carried out irrespectively of the values of the coeffi-

cients AJ
�O in Equation (8) using the closure relation:X
Ji,Mi,�i

jJi,Mi, �iihJi,Mi, �ij

¼ 1 ¼
X

Ji,Mi,Oi

jJi,Mi,OiihJi,Mi,Oij, ð11Þ

which allows one to replace the summation in

Equation (6) over the complete set of the asymmetric

top rotational wave functions in Equation (8) by the

summation over the complete set of the symmetric top

rotational wave functions in Equation (9).
The expressions for the TPEF intensity in

Equations (1) and (6) depend on the polarisation of

three photons: e1, e2, and ef. These expressions can be

greatly simplified by transferring from the reducible

representation of the molecular density matrix

�J0M0�0JM� to the irreducible state multipole represen-

tation �KQ(J� J0�0) using the formula [27,30,33]:

�
KQ
ðJ�J0�0Þ ¼

X
M,M0

ð�1ÞJ�Mð2Kþ 1Þ1=2

�
J J0 K

M �M0 �Q

� �
�

J0M0�0JM�
, ð12Þ

where the term in parenthesis is a 3j-symbol [32] and

the indices K and Q denote the state multipole rank

and its projection, respectively.
The inverse transformation is given by:

�
J0M0�0JM�

¼
X
KQ

ð�1ÞJ�Mð2Kþ 1Þ1=2

�
J J0 K

M �M0 �Q

� �
�

KQ
ðJ�J0�0Þ: ð13Þ

The state multipole moment in Equation (12) is a

covariant component of the irreducible tensor with

rank K and projection Q. The complex conjugate
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components are given by [�KQ(J�J
0�0)]*¼

(�1)J
0�JþQ�K�Q(J

0�0J�). The rank K¼ 0 state multipole
moment refers to the overall population of the
rotational states, three first rank components K¼ 1,
Q¼ 0, 	1 refer to the molecular angular momentum
orientation, and five second rank components K¼ 2,
Q¼ 0, 	1, 	2 refer to the alignment [27].

The transformation (12) is very convenient because
it allows for separation of the light polarisation-
dependent terms from the terms which contain the
transition dipole moment matrix elements and describe
the multiphoton dynamics. Also, under the condition
of isotropic depolarisation the collision relaxation
matrix in Equation (5) in the state multipole represen-
tation is diagonal over the ranks K, K0 and does not
depend on the laboratory frame projections Q, Q0

[27,34], which greatly simplifies the following analysis.
Note that the indices referring to the electronic and

vibrational quantum numbers are dropped in
Equation (12) for brevity. However, in general the
collision relaxationmatrix does depend on these indices.

After transformation of the expression for the
fluorescence intensity in Equation (1) to the state
multipole representation, it can be presented in the
form [25,27]:

I ¼ Cfl

X
f ~e ~e0Ke

qKe
� Efl

Ke

� �
ð�1ÞJ

0
eþJfþKe

Je J0e Ke

1 1 Jf

� �

� hnfJf kd̂k ~n0eJ
0
eihnfJf kd̂k ~neJei

�, ð14Þ

where the term in the curly brackets is a 6j-symbol [32],
hnfJf kd̂k ~neJei is the reduced dipole moment matrix
element, and nf and ~ne are all others but J and M
quantum numbers labelling the final and excited
electronic states, respectively.

The explicit form of the reduced matrix element for
an asymmetric top molecule is given by:

hnfJf kd̂k ~neJei ¼
X
Of,Oe

A
J�
f

�fOf
AJe
�eOe
ð2Je þ 1Þ1=2

�
X
q

C
JfOf

JeOe 1q
hnf jd̂qj ~nei, ð15Þ

where d̂q with q¼ 0, 	1 are spherical components of
the molecular dipole moment [30], and C

JfOf

JeOe 1q
is a

Clebsch–Gordan coefficient[32].
If the electronic molecular functions j ~nei and jnfi in

Equation (15) are non-degenerate, the spherical
components of the one-photon fluorescence tensor

F1 ¼ hnf jd̂j ~nei ð16Þ

obey the symmetry relation (F1q)
*
¼ (�1)qF1�q.

However, if the electronic states are degenerate, the
tensor F1 may have a complex value.

The term in the parenthesis in Equation (14) is a

scalar product [32] of the state multipole moment

�KQ(J�J
0�0) and the fluorescence light polarisation

matrix Efl
KeQe
ðeÞ:

qKe
� Efl

Ke

� �
¼
X
Qe

ð�1ÞQe�KeQe
Efl
Ke�Qe

: ð17Þ

The matrix Efl
KeQe
ðeÞ is defined as [30]:

EKQðeÞ ¼ e
 e�½ �KQ¼
X
qq0

ð�1Þq
0

C
KQ
1q1�q0eq eq0

� 	�
, ð18Þ

where eq is a spherical component of the light

polarisation vector e.
The values of the matrices EK

Q ¼ ½EKQðeÞ�
� for

different particular light polarisations are tabulated

by Kummel and co-workers [24]. Convenient expres-

sions for the polarisation matrices FK
QðeÞ ¼ ð�1Þ

Q
�

ð2Kþ 1Þ�1=2EKQðeÞ and FKQ(e)¼ (�1)Kþ1EKQ(e) as a

function of the direction of the polarisation vector e

can be found in [29] and [35], respectively. Note that

the definition of the light polarisation matrix in

Equation (18) differs from that used by Fitz [13].
We further assume, that the molecular ground state

jgi is isotropic. In this case, the ground state multipole

moment in Equation (6) is equal to: �KgQg
(Jg�gJ

0
g�
0
g)¼

(2Jgþ 1)�1/2 �Kg,0
�Qg,0

�JgJ0g��g�0g .
Combining Equations (6), (11)–(13), (14) and

performing a summation over the quantum numbers

Mg, Mi, Me, Ji, Oi, the two-photon excitation matrix in

Equation (6) after some angular momentum algebra

transformations can be written in the form:

FKeQe
ðe,e0Þ ¼ F0

X
Jg�g

X
K1K2

X
RR0

E
ð1Þ
K1

E

ð2Þ
K2

h i
KeQe

ð�1ÞJgþJeþR

�
½ð2K1þ 1Þð2K2þ 1Þð2Rþ 1Þð2R0 þ 1Þ�1=2

ð2Jgþ 1Þ

�

K1 K2 Ke

1 1 R0

1 1 R

8><
>:

9>=
>;

Je J0e Ke

R0 R Jg

� �

�SR0 ðJg,e
0ÞSRðJg,eÞ

�
N Jg�g , ð19Þ

where N Jg�g is the initial state rotational distribution

function, the terms in the curly brackets are 9j- and

6j-symbols [32], e� Je,�e,ne, and E
ð1Þ
K1
, E
ð2Þ
K2

are the first

and second photon polarisation matrices, and the term

in the first line in the squared brackets is a direct tensor

product:

E
ð1Þ
K1

 E

ð2Þ
K2

h i
KeQe

¼
X
Q1Q2

C
KeQe

K1Q1K2Q2
E
ð1Þ
K1Q1

E
ð2Þ
K2Q2

: ð20Þ
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The scalar function SR(Jg, e) in Equation (19) is

defined as:

SRðJg, eÞ ¼ ð2Jg þ 1Þ1=2
X
OeOg

AJe
�eOe

� ��
A

Jg
�gOg

CJeOe

JgOgR�
SR� ,

ð21Þ

where

SR� ¼
X
q1q2ni

CR�
1q1 1q2

hnejd̂q2 jniihnijd̂q1 jngi

�
1

Ei � Eg � �h!1
þ

ð�1ÞR

Ei � Eg � �h!2

� �
ð22Þ

is the spherical component of the two-photon absorp-

tion tensor SR with the rank R¼ 0, 1, 2.
The two terms in parentheses in the second line in

Equation (22) refer to the exchange of the first and the

second absorbed photons. If these two photons are the

same, then �h!1¼ �h!2 and all components of the R¼ 1

tensor SR are equal to zero.
Dependence of the two-photon excitation matrix in

Equation (19) on the light polarisation is expressed by

the state multipole rank Ke and its laboratory frame

projection Qe, while the dependence on the molecular

transition symmetry in Equation (22) is expressed by

the molecular frame quantum numbers �, ne and �
0, n0e.

In the case the state jnei is degenerate, ne 6¼ n0e, and

the corresponding electronic wave functions can be

complex [5,36]. However, if the state jnei is non-

degenerate, ne¼ n0e and the corresponding electronic

wave functions are real.
Note that the spherical components d̂q of dipole

moment in Equation (22) are in general complex,

therefore the tensor components SR� are also complex.

If the molecular electronic wave functions of the states

ng, ni, ne are non-degenerate, the spherical components

SR� in Equation (22) transform under rotation as a

spherical tensor with the rank R and projection � and

obey the symmetry relation (SR�)
*
¼ (�1)R��SR��.

The spherical tensor SR� in Equation (22) is

equivalent to the complex conjugated molecular

parameter MR
� introduced by Metz et al. [20] in their

theory of two-photon spectroscopy in molecules.
The time-dependent rotational relaxation in the

excited state jei which is described by the relaxation

matrix G in Equation (5) can in general be very

complicated. As shown by Favro [37], Chuang and

Eisenthal [38], and by Wan and Johnson [9] in their

analysis of the relaxation anisotropy of rotational

diffusion, an arbitrary asymmetric top molecule can

have up to five exponential decays of the excited state

alignment (Ke¼ 2). In the case when the classical

diffusion equation for rotational motion is valid,

the exponential decay factors can be explicitly

expressed in terms of the diffusion operator matrix

elements.
In the next two sections we will consider two

important extreme cases of ‘slow’ and ‘fast’ rotation of

the molecules.

3. TPEF intensity in non-rotating molecules

In this section the general expressions in

Equations (2)–(4), (14), (19) will be used for considering

the extreme case of non-rotating molecules, 1/T

D!e,e0. In this limit, the term D!e,e0 in Equation (4) can

be neglected and summation in Equation (14) over all

rotational quantum numbers including all coherent

terms: Je, J0e, �e, �
0
e can be performed. The physical

meaning of the summation procedure is clear, because

splitting between the rotational structure energy levels
of a non-rotating molecule is much smaller than the

excited state decay rate 1/T. Note, that due to the

selection rules for the dipole radiative transitions, all

possible Je, J0e values range within the interval Je,

J0e¼ jJg� 2j � � � Jgþ 2. The expression for the

TPEF intensity obtained after the summation is

appropriate for treatment of the case of a homoge-

neous liquid environment under the condition of

rotational diffusion. This case will be assumed later in

this section.
Summation over the rotational quantum numbers

Je, �e can be performed in the same way as the

summation over the quantum numbers Ji, �i by

replacing the sum over the asymmetric top wave

functions with the sum over the symmetric top wave

functions using the closure relation in Equation (11).
We assume that the fluorescence light is detected

without any spectral resolution. Then, Equations (14)

and (15) can be further simplified by performing the

summation over the quantum numbers Jf, �f, Of using

the orthogonality relation (10) and the sum rule for

the Clebsch–Gordan coefficients and 6j-symbols in

Equation 8.7.5.(31) from [32].
The time-dependent evolution of the excited state

jei due to the anisotropic relaxation has been taken

into consideration by presenting the molecular axis

angular distribution in terms of the excited state

multipoles �KeQe
� FKeQe

in Equation (19), expanding

this angular distribution over the asymmetric top

eigenfunctions [9,37,38], and substituting the time-

dependent expansion coefficients into Equation (14).

Then, performing the summation over the indices Je,

�e, J
0
e, �
0
e, the expression for the TPEF intensity of a

non-rotating molecule can be presented in the
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following compact tensor form (for calculation details

see Appendix 1):

I ¼ �
CflF0

31=2
e�t=T

X
K1,K2

X
R,R0

X
Ke

E
ð1Þ
K1

 E

ð2Þ
K2

h i
Ke

�Efl
Ke

� �

�
½ð2K1 þ 1Þð2K2 þ 1Þð2Rþ 1Þð2R0 þ 1Þ�1=2

2Ke þ 1

�

K1 K2 Ke

1 1 R0

1 1 R

8><
>:

9>=
>;MKe

ðR,R0, tÞ, ð23Þ

where MKe
(R,R0, t) are time-dependent molecular

parameters which contain all information, that can

be extracted from the TPEF experiment. The expo-

nential pre-factor in Equation (23) describes the

spontaneous decay of the excited state population.
The tensor product in the first line in Equation (23)

is calculated according to

E
ð1Þ
K1

 E

ð2Þ
K2

h i
Ke

�Efl
Ke

� �
¼

X
Qe,Q1,Q2

ð�1ÞK1�K2 ð2Ke þ 1Þ1=2

�
K1 K2 Ke

Q1 Q2 �Qe

� �
EK1Q1

EK2Q2
EKe�Qe

ð24Þ

and describes the dependence of the fluorescence

intensity on the polarisation of the three photons

involved.
The molecular parameters are scalar values which

depend on the indices Ke, R, R0. If the molecular

internal conversion is not important, the fluorescence

occurs directly from the resonant state jei (see

Figure 1) and the molecular parameters are given by:

MKe
ðR,R0, tÞ ¼ �31=2

X
ne,n0e

X
qe,q0e

F�1 
 F01

 �

Keqe
D

Ke

qeq
0
e
ðtÞ

� S0�R0 
 SR½ �
�

Keq0e
, ð25Þ

where the tensor product is calculated according to

F�1 
 F01

 �

Keqe
D

Ke

qeq
0
e
ðtÞ S0R0 
 SR½ �

�

Keqe0

¼
X
q3,q

0
3

X
�,� 0
ð�1ÞRþq3��

0

ð2Ke þ 1Þ

�
1 1 Ke

�q3 q03 �qe

� �
R0 R Ke

�� 0 � �q0e

� �
� F �1q3F

0
1q0

3
S�R�S

0
R0� 0 D

Ke

qeq
0
e
ðtÞ, ð26Þ

and the tensors F1 and SR are given in Equations (16)

and (22). The prime (0) at the functions F01q0
3
and S0R0� 0

in Equations (25), (26) indicates the primed

resonance state n0e in Equations (19), (22).

The term DKe

qeq
0
e
ðtÞ in Equations (25), (26) is the

matrix element of the exponent of the rotational
diffusion tensor in the molecular principal axis system:

D
Ke

qeq
0
e
ðtÞ ¼

X
n

dKe
qen

e�EKent dKe

q0en

�
, ð27Þ

where dKe
qen

are the coefficients of expansion of the
eigenfunctions of the rotational diffusion operator
over the Wigner D-functions, EKen

are the operator
eigenvalues, and the index n is equal to n¼
1 . . . (2Keþ 1) and labels different eigenvalues with
the same Ke-value. The diffusion tensor matrix DKe

qeq
0
e
ðtÞ

for Ke 6¼ 0 is in general not diagonal and for Ke¼ 0 this
martix is equal to unity: D0

00ðtÞ ¼ 1.
Note that unlike Chuang and Eisenthal [38], and

Wan and Johnson [9] who defined the rotational
diffusion matrix with respect to the diffusion tensor
principal axes, in Equation (27) this matrix is defined
with respect to the molecular principal axes. According
to the detailed analysis of Hantress [39], in an arbitrary
asymmetric top molecule the diffusion tensor principal
axes in general do not coincide with the molecular
principal axes due to intermolecular interactions.
However, for molecules such as spherical-, linear-,
and symmetric top rotors, or asymmetric-top rotors
with two perpendicular planes of symmetry, the
rotational diffusion tensor principal axes system is
determined by the symmetry of the molecule [39].

In general, the parameters MKe
(R,R0, t) can have

complex values, however in the case of the
non-resonant TPEF all of them are real.

Equation (25) assumes that the fluorescence occurs
from the same electronic and vibrational energy levels
ne¼ ~ne and n0e¼ ~n0e which are excited by the two-photon
transition, see Equations (14), (22). In this case, the
coherent excitation between the electronic and vibra-
tional energy states ne and n0e may be important and the
TPEF should be treated as an essentially three-photon
process [6].

If the molecular internal conversion occurs much
faster than the molecular excited state radiation
lifetime, which is typical for large molecules and
clusters, the molecular parameters are given by:

MKe
ðR,R0, tÞ ¼ �31=2

X
ne, ~ne

X
qe,q0e

F�1 
 F1


 �
Keqe
D

Ke

qeq
0
e
ðtÞ

� S0�R0 
 SR½ �
�

Keq0e
, ð28Þ

where now the states jei and j ~ei in Equations (14), (22)
differ from each other: the state jei is the initial
resonance state, while the state j ~ei is a relaxed state, as
shown in Figure 1. Both states jei and j ~ei contain no
electronic and vibrational coherence, ne¼ n0e, ~ne¼ ~n0e,
because it is unlikely that the off-diagonal density
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matrix elements can be conserved during the internal
conversion.

In this case, the TPEF should be treated as a
superposition of two-photon absorption and one-
photon fluorescence processes.

Equation (23) is written in terms of the spherical
tensor operators and describes the TPEF fluorescence
intensity in an arbitrary non-rotating molecules.
Equation (23) is general and can be used for complete
description of the TPEF intensity in any asymmetric
top molecule as a function of the polarisation of each
of the three photons: e1, e2, and ef.

The time-independent part of Equation (23) at t¼ 0
is equivalent to the general TPEF intensity expression
given by McClain [6] in terms of Cartesian tensors. As
will be shown later in Equations (31–36), the
McClain’s molecular parameters Q̂i can be presented
as linear combinations of the M-parameters. The time-
dependent part of Equation (23) is similar to the
expressions given earlier by Chuang and Eisenthal [38],
and Wan and Johnson [9]. The parameters in Equation
(25) are proportional to the parameters suggested
earlier by Gaisenok [26]. Equation (23) generalises the
TPEF expression reported by Gaisenok to the case of
arbitrary polarisation of all three photons involved.

4. TPEF intensity in fast rotating molecules

In this section the general expressions (2–4), (14), (19)
will be used in the extreme case of fast rotating
molecules, 1/T�D!e,e0. In this limit the molecule
undergoes many periods of rotation during its lifetime
and the term with 1/T in Equation (4) can be dropped
for all off-diagonal state multipole matrix elements
with the indices ~e 6¼ ~e0 referring to the non-degenerate
energy states. Therefore, the ~e 6¼ ~e0 state multipole
matrix elements in Equations (14) and (19) referring to
the non-degenerate energy states are cancelled out due
to fast rotation and only the diagonal ~e ¼ ~e0 matrix
elements are preserved. In the case of excitation with a
short laser pulse (wide spectral line) summation over
~e ¼ ~e0 in Equations (14) and (19) should be performed
in general.

We first consider the molecules which are close to
the symmetric top where jOej (the modulus of the
projection of Je onto the molecular axis) still can be
considered as a good quantum number. The energy
levels are clustered in doublets [40] due to the splitting
of twofold-degenerate levels of the true symmetric top
with a given value of jOj into the substates E�1 and E�2.
For a majority of the rotation levels the superfine
energy splitting between the substates in the thermally
accessible range of J-values (J¼ 0–100) is much smaller

than the fine energy splitting between the energy states

with different jOej, see discussion in [40]. In this case,

summation over the quantum numbers �e at fixed Je,

jOej values still can be performed including the coherent

terms �e 6¼ �
0
e making use of the orthogonality relation

for the AJ
�,O coefficients in Equation (10), while the

summation over the quantum numbers Je and jOej can

be performed in the high-J limit excluding the coherent

terms with Je 6¼ J0e, jOej 6¼ jO
0
ej (see Appendix 2).

As shown in Appendix 2, this approach results in

the same expression for the TPEF intensity as in

Equation (23), where the molecular parameters

Mrot
Ke
ðR,R0, tÞ are given by the expression:

Mrot
Ke
ðR,R0, tÞ ¼ �

31=2

2Ke þ 1

X
ne,n0e

F�1 
 F01

 �

Ke0
D

Ke

00 ðtÞ

� S0�þR0 
 SR½ �
�

Keqe
: ð29Þ

In the case if Equation (29) describes TPEF in the

gas phase environment under the condition of collision

relaxation of the molecular angular momentum Je,

the rotational diffusion matrix element DKe

00 ðtÞ in

Equation (29) should be replaced by the collision

relaxation factor e��Ket, where �Ke
is the relaxation rate.

Equation (29) is written for the case when the

molecular internal conversion is not important.

The difference between the molecular parameter of

fast rotating molecules in Equation (29) and that of

non-rotating molecules in Equation (25) is that the

former is reduced by a factor of (2Keþ 1) and contains

only the qe¼ qe
0 ¼ 0 terms.

Therefore, the anisotropy of the two-photon

absorption tensor described by the zeroth-rank

(Ke¼ 0) molecular parameters is the same for rotating

and for non-rotating molecules, while the anisotropy

(polarisation) of the molecular fluorescence described

by the molecular parameters of the rank Ke¼ 1 and

Ke¼ 2 decreases due to the molecular rotation com-

pared to the case of the non-rotating molecules by a

factor of (2Keþ 1), however this does not vanish prior

to the fluorescence.
The physical reason for this effect is very clear: the

excited molecule angular momenta produced after light

absorption are not randomly oriented in space. They

are always aligned due to the anisotropy of the

interaction between the pumping light and the

molecules. For instance, if the transition dipole

moment is directed along the molecular axis, the

angular momenta are mostly aligned in the plane

perpendicular to this axis. Therefore, fast rotation of

each molecule about its angular momentum reduces,

but not completely cancels the anisotropy in the

molecular ensemble.
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In the case when the molecular internal conversion
is important, the expression for the molecular para-
meters can be readily obtained from Equations (26)
and (28) by dividing Equation (28) by a factor of
(2Keþ 1) and by preserving in the sum over qe in
Equation (26) only the qe¼ q0e¼ 0 terms.

For the spherical top molecules the quantum
numbers O are constants of motion and each rotational
energy level with given J is (2Jþ 1) times degenerate
with respect to the body-frame axis z. In this case, the
expansion coefficients AJ

�O are equal to AJ
�O ¼ ��,O and

the summation in Equations (14) and (19) should be
performed including all possible coherent O 6¼O0 states.
As shown in Appendix 2, the TPEF intensity in this
case can still be written in the form in Equation (23)
with the parameters ~Mrot

Ke
ðR,R0, tÞ:

~Mrot
Ke
ðR,R0, tÞ ¼

1

2Ke þ 1
MKe
ðR,R0, tÞ, ð30Þ

where the ‘non-rotating’ molecular parameters
MKe

(R,R0, t) are given in Equations (25) and (28).

5. Discussion

In the following we discuss the properties of the
molecular parameters MKe

(R,R0, 0)¼MKe
(R,R0) extra-

polated to the excitation time t! 0. As shown in
Equations (25) and (28), the parameters MKe

(R,R0),
where R,R0 ¼ 0, 1, 2 are written as a scalar product
containing the tensor product of the two-photon

absorption matrices SR and the tensor product of the
one-photon fluorescence matrices F1. Due to the
symmetry properties of the vector coefficients in
Equation (23), the parameter rank Ke is limited to
the values Ke¼ 0, 1, 2.

Three zeroth-rank parameters M0(0, 0), M0(1, 1),
andM0(2, 2) describe the anisotropy of the two-photon
absorption tensor SR. These parameters are similar to
the �(0), �(1), and �(2) parameters introduced earlier by
Wan and Johnson [8], but not the same because they
include also the square of the length of the one-photon
fluorescence tensor (F1 � F

�
1) and the factor (2Rþ 1)�1.

The rank Ke¼ 1 and Ke¼ 2 molecular parameters
describe the polarisation of TPEF fluorescence. The
second-rank parameters M2(R,R

0) are proportional to
the parameters �(L,L

0) introduced earlier by Wan and
Johnson [8]. It is clear from the structure of the tensor
product in Equation (24) that the rank Ke¼ 1
parameters can be determined only using circularly/
elliptically polarised fluorescence photons e3, while the
rank Ke¼ 0 and Ke¼ 2 parameters can be determined
using linearly polarised fluorescence photons.

Equation (23) provides a powerful tool for the
experimentalist because it allows for determination
from experiment a set of molecular parameters
MKe

(R,R0, t) which contain important information
about the molecular structure and dynamics. As an
example, we present in Table 1 the relationship
between the TPEF intensity and the corresponding
molecular parameters MKe

(R,R0, t) for different polar-
isations of the pump and fluorescence photons for the

Table 1. The coefficients of expansion of the TPEF intensity over the molecular parameters MKe
(R,R0, t) in

Equation (23) for the parallel experimental geometry. The capital letters in the first column indicate the polarisation
of the first, second, and the third photons (V is for vertical, H is for horizontal, R is for right-hand circular, L is for
left-hand circular polarisation).

M0(0, 0, t) M0(1, 1, t) M0(2, 2, t) M2(1, 1, t) M2(0, 2, t) M2(1, 2, t) M2(2, 2, t)

VVV
1

9
0

2

9ð51=2Þ
0

4

45
0

4

45ð71=2Þ

VVH
1

9
0

2

9ð51=2Þ
0 �

2

45
0 �

2

45ð71=2Þ

VHV 0
1

6ð31=2Þ

1

6ð51=2Þ
�

1

30ð31=2Þ
0 �

1

15

1

30ð71=2Þ

VHH 0
1

6ð31=2Þ

1

6ð51=2Þ
�

1

30ð31=2Þ
0

1

15

1

30ð71=2Þ

RRV 0 0
1

3ð51=2Þ
0 0 0

1

15ð71=2Þ

RLV
1

9

1

6ð31=2Þ

1

18ð51=2Þ
�

1

30ð31=2Þ

1

45
0 �

1

90ð71=2Þ

RVV
1

18

1

12ð31=2Þ

7

36ð51=2Þ
�

1

60ð31=2Þ

2

45

1

30

11

180ð71=2Þ

RVH
1

18

1

12ð31=2Þ

7

36ð51=2Þ
�

1

60ð31=2Þ
�

1

45
�

1

30
�

1

180ð71=2Þ
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parallel experimental geometry where the fluorescence
photons propagate in the same/opposite direction to
the direction of propagation of the exciting photons.
Time dependence exp(�t/T ) which is the same for all
expansion coefficients in Table 1, see Equation (23), is
not shown. Note that the molecular parameters
MKe

(R,R0, t) in Table 1 have in general a complicated
multi-exponential decay, see Equation (25).

As shown in Table 1, the particular values of the
rank Ke¼ 0 and Ke¼ 2 molecular parameters at any
time delay t can be determined from experiment by
measuring the fluorescence light intensity which refers
to different combinations of the linear and circular
polarisation of the first, second, and the third (fluo-
rescence) photons and by solving the corresponding set
of algebraic equations.

In general, Equation (23) can be used also for
describing an arbitrary elliptical, or partial polarisation
of each of the three photons and any experimental
geometry.

It is important to explore the relationship between
the set of the parameters MKe

(R,R0) in Equation (25)
based on the spherical tensor representation and the
widely used McClain’s molecular parameters Q̂i [5,6]
based on the Cartesian tensor representation. As
shown by McClain [5,6], the number of molecular
parameters Q̂i is equal to eleven in the general case of
the non-resonant TPEF and is equal to seven in the case
of the two-photon excited fluorescence. The same
result can be readily obtained for the M-parameters in
Equation (25).

Note that the parameters MKe
(R,R0) obey the

symmetry relation MKe
(R,R0)¼ (�1)RþR

0þKeMKe

(R0,R) and that the value of each rank R, R0, Ke is
limited to 0, 1, 2. If the electronic excited state jei is
degenerate, the corresponding molecular wave func-
tions are complex and the Cartesian components of the
tensors F1 and SR in Equations (16), (22), and (23) are
also complex. As can be shown from the analysis of
Equation (25) all parameters of the first rank: M1(1, 0),
M1(1, 1), M1(2, 1), and M1(2, 2) can be nonzero only if
ne 6¼ n0e coherent terms are involved in the TPEF.
The total number of the parameters in this case is equal
to eleven.

If no coherent terms contribute to the TPEF
( ~ne¼ ~n0e in Equation (28)), the tensor productP

~ne
F�1 
 F1


 �
1

is always equal to zero even if the
electronic excited state j ~ei is degenerate. In this case all
M1(R,R

0) parameters are equal to zero and the total
number of the M0(R,R

0) and M2(R,R
0) parameters is

equal to seven. The same result is true when the
electronic state j ~ei is not degenerate, because the
corresponding molecular wave function is real and ne is
always equal to n0e.

If the absorbed photons on the two-photon tran-

sition jgi! jei are the same, R, R0 6¼ 1, see

Equation (22). In this case the number of independent

parameters in Equation (25) is reduced to four in

agreement with the previous results by McClain [5] and

Callis [7].
The relationship between McClain’s molecular

parameters Q̂i and the parameters MKe
(R,R0) in

Equation (25) can be obtained using Equation (23) of

this paper and Equation (4) and Figure 1 in [6].
If the excited state jnei is non-degenerate, the

relationship between the parameters Q̂n and the

parameters MKe
(R,R0) is given by:

Q̂1 � jFj
2�G ¼M0ð0, 0Þ þ 31=2M0ð1, 1Þ þ 51=2M0ð2, 2Þ,

ð31Þ

Q̂2 � jFj
2�F ¼ 3M0ð0, 0Þ, ð32Þ

Q̂3 � jFj
2�H ¼M0ð0, 0Þ � 31=2M0ð1, 1Þ þ 51=2M0ð2, 2Þ,

ð33Þ

Q̂4,5 ¼
1

3
Q1 þ

2

3
M2ð0, 2Þ �

1

2ð31=2Þ
M1ð1, 1Þ

	M2ð1, 2Þ þ
71=2

6
M2ð2, 2Þ, ð34Þ

Q̂6 ¼
1

3
Q3þ

2

3
M2ð0,2Þþ

1

2ð31=2Þ
M1ð1,1Þþ

71=2

6
M2ð2,2Þ,

ð35Þ

Q̂7 ¼
1

3
Q2 þM2ð0, 2Þ: ð36Þ

Note that the table of the parameters P̂i in Figure 1

in [6] contains an error: the polarisation parameters P̂4

and P̂5 for the experimental cases 6 and 7 should be

both equal to 1/2, not 1.
For completeness, we also present the relationship

between the two-photon absorption molecular para-

meters �G, �F, �H introduced by Monson and McClain

[10] and the scalar products of the irreducible

two-photon tensors SR in Equation (22):

�G � S�	S
�
�	 ¼ S0 � S0ð Þ þ S1 � S1ð Þ þ S2 � S2ð Þ, ð37Þ

�H � S�	S
�
	� ¼ S0 � S0ð Þ � S1 � S1ð Þ þ S2 � S2ð Þ, ð38Þ

�F � jTrSj
2 ¼ 3 S0 � S0ð Þ: ð39Þ
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6. Conclusion

The paper presents general expressions for the
two-colour TPEF intensity in an arbitrary asymmetric
top molecule. The expressions take into account the
molecular rotational structure and they are valid for
any polarisation of each of the three photons involved.
The expressions can be used for description of TPEF in
rotating and non-rotating molecules. They also can be
used for treating the problem of the TPEF depolarisa-
tion due to molecular rotation and interaction with
other molecules in the gas and in the isotropic
condensed phases. The theoretical treatment is based
on the spherical tensor algebra which allowed for the
derivation of the compact universal expressions. In the
particular case of non-rotating molecules the obtained
expressions are equivalent to the known expressions
for the TPEF intensity reported earlier by other
authors. In the case of fast rotating molecules, the
fluorescence polarisation is reduced by about a factor
of (2Keþ 1).

Acknowledgements

The work was supported from the RFBR grant No.
08-04-91953-NNIO_a and from the Deutsche
Forschungsgemeinschaft (Grant Ge 496/20-1).

References

[1] J.R. Lakowicz, Topics in Fluorescence Spectroscopy. V.5

Nonlinear and Two-Photon-Induced Fluorescence

(Plenum Press, New York, 1997).
[2] P.R. Callis, Annu. Rev. Phys. Chem 48, 271 (1997).
[3] J.B. Shear, Anal. Chem. 71, 598A (1999).

[4] M. Schneider, S. Barozzi, M. Testa, M. Faretta, and

A. Diaspro, Q. Rev. Biophys. 38, 97 (2005).
[5] W.M. McClain, J. Chem. Phys. 57, 2264 (1972).

[6] W.M. McClain, J. Chem. Phys. 58, 324 (1973).
[7] P.R. Callis, J. Chem. Phys. 99, 27 (1993).
[8] C. Wan and C.K. Johnson, Chem. Phys. 179, 513

(1994).

[9] C. Wan and C.K. Johnson, J. Chem. Phys. 101, 10283

(1994).
[10] P.R. Monson and W.M. McClain, J. Chem. Phys. 53, 29

(1970).
[11] R.P. Drucker and W.M. McClain, J. Chem. Phys. 61,

2609 (1974).

[12] J.R. Lakowicz, I. Gryczynski, H. Malak, and

Z. Gryczynski, J. Phys. Chem. 100, 19406 (1996).
[13] J.J. Fisz, Chem. Phys. Lett. 373, 299 (2003).

[14] J. Fu, O.V. Przhonska, L.A. Padilha, D.J. Hagan,

E.W. Van Stryland, K.D. Belfield, M.V. Bondar,

Y.L. Slominsky, and A.D. Kachkovski, Chem. Phys.

321, 257 (2006).

[15] L. Ryderfors, E. Mukhtar, and L.B.Å. Johansson,
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Appendix 1. Derivation of Equation (23)

The probability that the molecule is oriented along the
direction O at the time t, f(O, t), can be expressed in terms
of density matrix of the molecular excited state
�J0M0�0JM�(t) as:

f ðO, tÞ ¼
X
J,J0

X
M,M0

X
�,�0
�J0M0�0JM�ðtÞCJ�

M�ðOÞC
J0

M0�0 ðOÞ, ð40Þ
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where CJ
M�ðOÞ � jJM�i is the asymmetric top molecular

rotational wave function and O� (�, �, �).
Transforming the molecular density matrix in

Equation (40) to the state multipole representation in
Equation (13), expanding the molecular wave functions
jJM�i over the Wigner D-functions with respect to Equation
(8), applying the Clebsch–Gordan series to the product of two
Wigner D-functions [30], and performing the summation over
the indicesM andM0, Equation (40) can be written in the form

f ðO, tÞ ¼
X
K,Q,q

X
J,J0

X
�,�0

X
O,O0

½ð2Jþ 1Þð2J0 þ 1Þ�1=2

8p2
ð�1ÞJ

0�O0

� �
KQ
ðJ�J0�0, tÞAJ�

�OA
J0

�0O0C
Kq
JO J0�O0D

K
QqðOÞ, ð41Þ

which represents the expansion of the molecular axis
distribution in terms of the Wigner D-functions DK

QqðOÞ.
At the same time, in the classical rotational diffusion

regime the temporal evolution of probability f(O, t) can be
presented as [37]:

f ðO, tÞ ¼
X
K,Q,q

X
n

dKqn f
K
QnðtÞD

K
QqðOÞ, ð42Þ

where dKqn are the expansion coefficients of the diffusion
operator eigenfunctions over the Wigner D-functions and the
coefficients fKQnðtÞ depend on time as:

fKQnðtÞ ¼ fKQnð0Þ e
�EKnt, ð43Þ

where ELn are diffusion operator eigenvalues.
Comparing Equations (41) and (42) and using the

orthogonality relationship for the expansion coefficients
dKqn, one can obtain expression for the coefficients fKQnðtÞ

fKQnðtÞ ¼
X
q

dK
�

qn

X
J,J0

X
�,�0

X
O,O0

½ð2Jþ 1Þð2J0 þ 1Þ�1=2

8p2
ð�1ÞJ

0�O0

� �
KQ
ðJ�J0�0, tÞAJ�

�OA
J0

�0O0C
Kq
JO J0�O0 : ð44Þ

Combining Equations (2), (14), (15), (19), and (21) and
excluding the excited state density matrix using
Equation (44), one can obtain the expression for the time-
dependent fluorescence intensity where the summation over
all rotational indices: �f, �e, �

0
e, �g, Je, J

0
e, Jf, Oe, O

0
e, Of, and Og

should be performed.
The summation over the quantum numbers �f, �e, and �

0
e

which involves only the coefficients AJ
�O can be performed

using the orthogonality relation in Equation (10):X
�f�e�0e

A
Jf
�fO0f

� ��
A

Jf
�fOf

AJe
�eOe

� ��
AJe
�e ~Oe

A
J0e
�0eO
0
e
A

J0e
�0e

~O0e

� ��
A

Jg
�gOg

� ��
A

Jg
�gO0g

¼ A
Jg
�gOg

� ��
A

Jg
�gO0g

�OfO0f
�Oe

~Oe
�O0e ~O0e

: ð45Þ

Using Equation (45), the sum over the rest of the
rotational quantum numbers can be written in the form:

S ¼
X

Jg ,�g,Og,O0g

X
Jf,Of

X
Je,Oe

X
J0e,O

0
e

ð�1ÞJeþJ
0
eþJf ½ð2Je þ 1Þð2J0e þ 1Þ�1=2

� C
Jf Of

JeOe 1q3
C

Jf Of

J0eO
0
e 1q

0
3

CJe Oe

JgOg R�
C

J0e O
0
e

JgO0g R0� 0
Je J0e Ke

1 1 Jf

� �

�
Je J0e Ke

R0 R Jg

� �
A

Jg
�gOg

� ��
A

Jg
�gO0g
N Jg�g , ð46Þ

where summation over the quantum numbers Jf, Of and
Je, Oe can be performed by subsequent usage of the sum
rule for the Clebsch–Gordan coefficients and 6j-symbols
in Equation 8.7.5.(31) from the Varshalovich et al. mono-
graph [32]. After the summation Equation (46) can be
written as:

S¼
X

Jg�gJ0eO
0
eOgO0g

ð�1Þ1�R�Jg

½3ð2Rþ1Þ�1=2
CR�

Keqe R0� 0
C

1q0
3

1q3 Keqe
C

J0eO
0
e

JgOg R0� 0
C

J0eO
0
e

JgO0g R0� 0

� A
Jg
�gOg

� ��
A

Jg
�gO0g
N Jg�g , ð47Þ

where qe¼ �� �
0 ¼ q03� q3.

Summation over the indices J0e, O
0
e in Equation (47) is

performed using the orthogonality relation of the Clebsch–
Gordan coefficients. Also, having in mind that in heavy
molecules the rotational levels �g which refer to a given total
angular momentum Jg lie close to each other, it is possible to
neglect the dependence of the population N Jg�g’N Jg

on �g
and perform a summation over all quantum numbers �g
using the orthogonality of the coefficients A

Jg
�gOg

in Equation
(10) which gives:

S ¼
ð�1Þ1�R�Jg

½3ð2Rþ 1Þ�1=2
CR �

Keqe R0� 0
C

1 q0
3

1q3 Keqe

X
Jg

N Jg : ð48Þ

Using Equation (48), one can obtain Equation (23),
where the total population of the ground state N ¼

P
Jg
N Jg

is set equal to unity. It is clear from Equations (23) and
(48) that within the approximation used the fluorescence
intensity is proportional to the total ground state population,
however the fluorescence anisotropy does not depend on the
ground state quantum numbers Jg and �g.

Appendix 2. Summation over the rotational quantum

numbers excluding the (J, J 0) coherent terms

As discussed in Section 4, in case of fast rotating molecules
summation in Equations (14), (15), (19), and (21) should be
performed over the rotation quantum numbers including the
coherence terms with �e 6¼ �

0
e, however excluding the coher-

ence terms with Je 6¼ J0e.
The derivation below is relevant for spherical top

molecules and for the molecules which are close to symmetric
tops.

For the spherical top molecules the coefficients AJ
�O, the

quantum numbers O are constants of motion, and summa-
tion over them should be performed including all possible
coherent terms with Oe 6¼O0e.

For the molecules which are close to symmetric tops,
summation over the quantum numbers �e, �

0
e, �f is carried

out using the orthogonality relations for the coefficients
A

Jg
�O (10) resulting in Equation (45) where only

non-negative values of Oe, Og should be considered.
For concreteness, we will consider below this case,
however the derivation is valid also for the spherical
top molecules.
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After summation in Equation (46) over the quantum
numbers Jf, Of, it can be presented in the form:

S ¼
X

Je,Oe,O0e, Jg,Og

ð�1Þ1þJeþKeþJgþRC1q3
Keqe 1q

0
3
C

JeO0e
Keqe JeOe

�
2Je þ 1

3

� �1=2 Je Je Ke

R0 R Jg

� �
CJeOe

JgOg R�
C

JeO0e
JgOg R0� 0

N JgOg
,

ð49Þ

where Je¼ J0e and the index qe¼ q3� q03 should be held to
zero for symmetric top molecules in the high-J limit,
Je’ Jg 1, jOej 1. For spherical top molecules all possible
values of qe should be taken into account. In the high-J limit,
the Clebsch–Gordan coefficients and the 6j-symbol in
Equation (49) can be presented in the form [32]:

C
JeO0e
Ke� JeOe

� ð�1ÞKe �O0e�Oe, � d
Ke

qe0
ð�eÞ � ð�1Þ

Ke �O0e�Oe , � d
Ke

qe0
ð�gÞ,

ð50Þ

CJeOe

JgOg R�
� �Oe ,Ogþ� d

R
�kð�gÞ, ð51Þ

Je Je Ke

R0 R Jg

� �
�
ð�1ÞRþR

0þ2Jg

½2Jgð2Ke þ 1Þ�1=2
CKe0

R�k R0k, ð52Þ

where cos �g�Og/(Jgþ 1/2), k¼ Je� Jg, and dKe

qe0
ð�gÞ is the

Wigner d-function.

Substituting Equations (50)–(52) into Equation (49), the
summation over the indices k can be carried using
Equation 4.6.2.(5) from [32]:

S ¼
X
k

X
Jg,Og

ð�1Þ1þR
0þk

½3ð2Ke þ 1Þ�1=2
C1q3

Keqe 1q
0
3
dKe

qe0
ð�gÞ

� CKe0
R�k R0k d

R
�kð�gÞ d

R0

� 0kð�gÞ N JgOg

¼
X
k,k0

X
Jg,Og

ð�1Þ1þR
0þ�

½3ð2Ke þ 1Þ�1=2
C1q3

Keqe 1q03
dKe

�0 ð�gÞ

� CKe0
R�k R0k0 d

R
���kð�gÞ d

R0

� 0k0 ð�gÞN JgOg

¼
X
Jg ,Og

ð�1Þ1þR
0þ�

½3ð2Ke þ 1Þ�1=2
C

1q3
Keqe 1q03

C
Keqe
R�� R0� 0 d

Ke

qe0
ð�gÞ

h i2
N JgOg

:

ð53Þ

Finally, using N JgOg
� 2N Jg

/(2Jgþ 1) and replacing the sum
over Og in Equation (53) by the integral over the angle �g:

X
Og

dKe

�0 ð�gÞ

 �2

� ðJg þ 1=2Þ

Z p=2

0

dKe

qe0
ð�gÞ

h i2
sin �g d�g

¼
2Jg þ 1

2ð2Ke þ 1Þ
, ð54Þ

one can obtain Equations (30) and (29).
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